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1 Damped forced pendulum
Given the system

X+ 0x +sinx = ysin wt 0<dxl, 0<y«xl 1)
we approximate for small oscillations:

1
5é+85c+x—gx3=ysinwt (2)

Using a single harmonic for the harmonic balance method, we propose:

x,(t) = cicos wt + s sin wt (3)

Computing the third power we obtain:

(3ctsi - s7) sin3wt + Z (cisi+s7)sinwt + Z (cis? + ) coswt + i (cf —3cis?) cos3wt  (4)

| =

From this expression we neglect the 3" harmonics, since we are interested in a single harmonic
solution. In this way, eq. (2) with our chosen x, becomes simply:

1 1
cos wt (c1 - qw* + 50w - s (clsf + cf))+sin wt (sl —s;w* — ;0w — s (clzsl + sf)) = ysinwt (5)

Now balancing this equation, i.e. comparing the coefficients of the the trigonometric functions,
yields the following system of equations:

a—awr+8s0 -3 (asi+¢)=0
2 1 (2 4¢3 (6)
si—s1w2 = 8w — 5 (cfs1+87) =y
Changing to polar coordinates, i.e.
¢ =Acos¢
s1=Asin¢
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allow us to study the amplitude response of our proposed solution, given that eq. (3) becomes:

x,(t) = Acos ¢ cos wt + Asin ¢ sin wt = Acos (wt — ¢) (7)

When substituting ¢; and s, in eq. (6), the arising higher order terms cancel out by using the
trigonometric identity cos’wt + sinwt = 1. We are left with:

{(A—sz—%A3)cos¢+A6wsin¢=0 ®)

(A-Aw?*-1A%)sing - Adwcos¢ =y

By multiplying the first equation by cos ¢, the second equation by sin ¢ and then adding them
up, we cancel out the second term:!

1
A—Aw2—§A3:ysin¢ 9)

By multiplying the first equation by sin ¢, the second equation by cos ¢ and then subtracting
them, we cancel out the first term:

ASw =-ycos¢ (10)

Squaring and adding eqs. (9) and (10) makes the final expression independent on ¢:
1 2
(A - Aw’ - gA3) + A%8*w* -y =0 (11)

which can be rewritten as a 6" order polynomial in A:

6L4A6+i(w2—1) At + (W' + 82w - 207 +1) A% = y? (12)

For a fixed § and y and a range of values for w, the roots can be numerically calculated. The
real, positive roots, yielding the only valuable meaning for the amplitude A, are sketched in fig. 1,
for § =0.1.

'Note that this procedure implies that cos ¢ # 0 and sin ¢ # 0, i.e. we are restricting our domainto ¢ # kZ, k € Z
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Figure 1: Amplitude behavior

Note that for large forcing, distinct solutions appear in the plot, which however are in lack of
rigorous meaning, given that our assumption do not hold in those conditions anymore.
From the maxima, the backbone curve can be obtained, see fig. 2.
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Figure 2: Backbone curve
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1.1 Heteroclinic orbits and their Melnikov functions
For § = y = 0, we get the unperturbed, energy conserving system:
9 =
{ . Y . (13)
y=-sin0

The conserving quantity can be represented as potential and kinetic energy, e.g.:

H(6,y) :%y2+(1—c059) (14)

From the unstable fixed point 6 = +7, there is a pair of heteroclinic solutions departing and
connecting, i.e. the separatrices. On those special trajectories H(, y) = 2. In this way y can be
isolated and plugged in the first equation of eq. (13), yielding:

0 =+v2V1+cosf (15)

which is a separable ODE and can be shown to yield the following pair of heteroclinic orbits:

{Gh(t—to) = +2arctan (sinh (¢ - t)) (16)

yn(t—ty) = £2sech (t - ty)

Before applying calculating the Melnikov function, it is important to remind that the pertur-
bation in the original system given in eq. (1), for small values of § and y could always be rewritten
as an ¢ perturbation:?

0=y (17)
y=-sinf +e(ysinwt - dy)

Given the definition of the Melnikov function:

M(to)=[:o(fl(xo(t—to)),g(xo(t—to),t))dt (18)

we have:
L(o0 (s _ [sin (+2arctan (sinh (t - £)))
f (x (t to)) - ( +2sech (t—ty) (19)
and
g(x"(t-ty),t) = 0 (20)
’ ysinwt — 8 (£2sech (t - ty))
which yields:
+o00
M(to):/ [iZysech(t—to)sinwt—48sech2(t—to)]dt (21)
2For ease of notation we do not rescale them in a syntactically correct way
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The second part of the integral can be simplified, given that /""" sech’ (¢)dt = 2. Therefore
we have a transfer zero if and only if:

é:i[ ood:sech(t—to)sinwtdt (22)
y —00

Numerical evaluation for w = 2 shows that the right hand side of eq. (22) is an oscillatory
function bounded between +0.0677. See fig. 3.
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Figure 3: Numerical integration results

Thus, in order to observe chaotic behavior for any t,, we need to choose the parameter ratio
such that it is intersecting the curve, i.e. we need to guarantee:

o)
= <0.0677 (23)
y

This means that the damping term needs to be less than 6.7 % of the forcing term. Intuitively
this makes sense, since we would expect sufficient damping to “normalize” the system’s behavior.
Of course this can be translated in the desired £ ratio, which looks as shown in fig. 4.
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Figure 4: Parameter ratio
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The minimum for chaos in this curve is £ > 14.76, i.e. exactly the inverse of the previous result.
Note that if we are exactly at this limit level no transverse zeros will be observed.
The heteroclinic tangle can be sketched as follows.
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