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1 Probability Theory Reminders

1.1 Expected value and Variance of the Normal Distribution

Given
1 (x-w)?
x) = e 22 1
Jx() 2o @
we observe that
fx(p—x) = fx(p+x) (2)

= (x-p)|_ = G-w, =2

Expected value We recall the definition of the expected value:

]E[X]:/Rxfx(x)dx

By exploiting additivity of integrals on intervals, we may split up the integral into
E[X] = / <>oxf(x)dx = ‘/H xf(x)dx + f <><’xf(x)dx
—00 —o0 u

We introduce a change of integration variable to X = y — x, which sets the upper and lower
bound respectively to y — p = 0, and switches the sgn. This yields:

0
+o00

:f0+00(/4_x)f(ﬂ_x)dx+£+M(u+x)f(y+x)dx

BX] =~ [ (u=x)f(u-x)dx= [ (u-x)f(u-x)dx -
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where in the last integral we change variable again with X = —x. Now we can apply eq. (2),
simplifying the integral to:

BX]= [ Q) x)dx=E[X] = u)5 [ flusndx= 2=y

By just exploiting the symmetry property (eq. (2)) and the normalization property of (any)

probability density function, i.e. [ fy(x)dx = 1.
Og.ed.

Note that one could also show that the integral is indeed one, without relying on the normal-

ization property:

a:= Iﬁo et dt (3)

o0

+00 +00
aZ:[ e‘tzdtf e ’dt
+00 +00 +oo +00
:f e’xzdxf e’yzdyzf [ e dxdy

By switching to polar coordinates on the plane we can integrate over p on [0, +00) and over 6
on [0, 27].

+00 2 )
/] e W) dxdy = [ f e " pdpd0 =
R2 0 0

1

+o0 2 3
271/ e pdp=2m—e?” =7
0 2

0

+00

:>a2=7r,a>0:>a=\/E:>—/ e dt=\/n

%

With this knowledge we can now calculate:

£2 (x - #)2
202
P
V20
V2odt=dx

2 oo 1
\/\é__az e’tzdt= ﬁ\/;ZI
o —o0

Og.ed.
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Variance The variance is defined as

Var[X]| =E [(X - y)z)] (4)

which yields:

Var[X] = E[(X - E[X])*] = E[(X - ¢)*] = B[X?] - 4* = fozfX(x)dx i

By substituting the Gaussian bell function we get further:

+oo x2 _ (x=w)? 5
Var[X]z[oo \/We 2 dx -y (5)

A change in integration variable to X = x + y yields:

veo xP 4 2xp 2 ~
- —We 20 dx+y2—/42—

+00 2 2
f a e 2t dx + 2uE [N (x]0,0%)] =

o \/2mo?

Introducing

y=—>0 (6)

we get

Og.ed.

Note that again we made use of the integral derived from eq. (3), this time with the additional

factor y > 0, which is very easy to show to appear in the denominator, and again landing under
the squared root.
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1.2 Cumulative distribution function
Given the Laplace distribution parameterized by y and f:

1 _lx-a

2/36 B (7)

To get the cumulative distribution function, we apply the definition:

fx(x) =

Fx(x)= [ fx(z)dz-

To explicitly express the absolute value in the integrand, we may split it up the integral until 4,
for now assuming x > p:

1 _le=a oo 1 _l=ul
FX(X):f:%e ﬁydz+/y ﬁe |lfldz

In the first integral we have z < y and in the second z > y. Therefore we may simplify the
absolute value as follows:

2
1 zul® 1 =)
:—eﬁ — —é€ B
2 oo 2 u
1 1/ _x=x
= — — — - —
5 2(6 1)
1 1 _x-p
— 42 (1-¢B
2+2(1 e ) XU (8)

For the case in which x < y we have to subtract from the first integral, evaluating to 3, the
area which we added in advance, using the very same integrating condition, z < p:

bl =G Bl =G
Fx(x) = —e 7 dz- —e 7 dz=
—00 28 x 2B
1 1 %”
= —— —¢ =
2 20 |,
1 1 x=u
=—_——(1-¢7F
5 2(1 e ) x<p (9)

Bringing egs. (8) and (9) together in the same expression is straight forward by using the
absolute value and sign function:

Fe(x) =5 g (x -3 177 ) (10)
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To find the median of the Laplace distribution it is enough to impose

Ex(M) = 5 ()

since this is exactly where the 50 % quantil is found.

1.3 Quotient probability distribution

The probability distribution of the quotient Q = £ is given by:

fa@) = [ Ix| fur(prx)dx 12
We furthermore know that X ~ A (0,0%) and Y ~ N(0, 02).

Joint probability The joint probability is simply given by the product, i.e.:

‘\<

1 1 -

(54
e O'X [
V21mox \/2noy

22
L (55)
= —- X Y
27 Ox Oy

=
~|

fry(x,y) =

Cauchy distribution Using this to express in more explicit terms eq. (12), we get:

_if 2 2
2 2
Y

Jas

o 270
with
Ox
=X 13
y or (13)

For simplicity we introduce t :=, therefore:

y +00 7x2q2+2)'2
fa@ =51 [ e 7 dx

2m 0% J-oo

By symmetry we have
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y2  [re | RLd
fa@ =52 [ lle” T dx

21 oy

/y +00 Zq +)’
= / xe % dx

2
oy

2, .2 1+t

2 X2 P” +y
y UX 262

= - X

ok q*+y?
y %
T oy g%+ y?
1 Y
- 7 + 7>
Which is indeed equal to the Chauchy distribution with the introduced scale y = 2 and
X0 = 0:

1 Y
- = = 14
ﬂ(x_x0)2+y2xoo = fo(x) = nx2+y (14)
Og.ed.
2 Bayesian Inference
Likelihood function The likelihood function of y is defined as:
L(u) = p(dlu) (15)

Using the fact that d are realizations of independent random variables, normally distributed
around y and with ¢ = 1, we can extend the expression into:

C(dm?

p(dlu) Hp(dkw) H : (16)

Maximum likelihood estimate To find the maximum likelihood estimate for the parameter y
we compute:

f=argmax L(u) = argmax log (L(p)) 17)
u u

Since the logarithm is a strictly monotonically increasing function. Applying this yields

(dk—wz

p= arg max log H 2
1V 271

1 (d=w)?
= arg max Zlog( e 2
V2 )

b kel
S 1 (di — p)?
= arg max log ( ) -
" ; l V2n 2
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For i to be a maximum we must have:

—L(g)=0 (18)

2

This yields:

X u N .1 &
(de-p)=0 = Y d-Nag=0 = [j=—>4d
k=1 N3

M= T0=

-1=-N<0

=~
]
—

This shows that the arithmetic average is the best estimate for the mean of the distribution (as
expected).

Posterior distribution Before observing the data we believe that y ~ N (o, 6¢), which leads
to the following prior:

(umup)?

1 3
— 200 20
p(p) Pro? e (20)

By using Bayes’ theorem (for simplicity without regularization term) we have:

p(pld) o< p(dlu) p(u) (21

Substituting eq. (16) and eq. (20) yields
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1 (dk*ﬂ)z ] 1 7(#‘!‘0)2
-

e % (22)
2710}

~
=
=)
=
{

| —|
=
l

1 Sil(de — p)? — to)?
Mexp(_i(ikl( ) W (p 02#0) ))
0
_ 1Y 03(p = di )+ (= wo)?
~ P 7y ol
1 (No2 +1) 2 = 2p (XL 03 d2 + po) + Yo, 03d? + i3
had B o}
Zxﬁ%f+0
=2 EEE) )
= exp —E )
N0§+1
ZN 0'2d2+[4 2
(- ZEEE )+ )
=exp|-= ;
2 9
Nog+1
(#_ f.lagd,%w())z
Pdog+1
< exp| — o2
Noongl

where g(dy, uo) and g(dx, o) are used to complete the square. After reshaping the equation
in this way it is easy to see, that we have obtained the following normal distribution:

Y 02 di+po o}
No¢+1 'NoZ+1

p(uld) ~ N( 3

with the given mean and variance.

The obtained distribution intuitively makes sense, since the more data we collect, the less
important becomes prior y,, depending on the variance g, we expect.

Maximum a posteriori estimate

fi = argmax p(u|d) = argmax log (p(u|d)) (24)
u u
As before we check
o .,
2 p(ild) =0 e5)
82
a—yzp(ﬁld) <0 (26)

Applying the logarithm in the same manner as before, we simply get (omitting the positive,
constant denominator in the exponent):
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N ijjzﬂgdi“LMo N ZszlogdiJ“#O
TN )70 T AT T N
oy +1 Noj +1

-1<0

And we have that the mean is again a maximum and the best estimate for a normal distribution.

Uninformative prior If we use an uninformative prior, i.e. a uniform distribution in R with all
values equally likely, we have:

p(u) o<1 (27)

and then the Bayes’ theorem from eq. (21) reduces to

p(uld) o< p(d|u) (28)

Recalling the maximum likelihood estimate, and the maximum a posteriori estimate from
before:

fvie = argmax L£(u) = argmax p(d|u)
u u

fvpr = argmax p(u|d)
u

When looking at eq. (28), we can conclude that there is no difference anymore:

ﬁMLE = ﬂMPE (29)

Which intuitively makes sense: if we do not have any guess or assumption about possible
parameters for a model of the data, correcting this model with the posteriori estimate, simply
means completely relying on the measured data, i.e. adopting the maximum likelihood of the
parameters.

3 Bayesian Inference: Linear Model

Given the model

y=Bx+e e~N(0,0) (30)

we observe

D = (xo, yo)

The full Bayesian’ theorem yields:

_p(D[B) p(B)
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Uninformative prior As seen before an uninformative prior means:

p(B) =<1 (32)

Therefore, eq. (31), starting while omitting the regularization term again, becomes:

p(B|D) o< p(D[B) (33)

This can be developed as follows:

p(D[B) = p(x0, y0|B)
= p(yo| %0, B)
= p(yo|x0, B) p(x0|B)
o< p(yo|xo, )
= p(e=yo— B xo|x0, )

1 _ (rg=Bxg=0)?
= e 202

V2mno?

In order to get now the posterior probability distribution, we simply rearrange the terms, in
order to get a normal distribution in :

(5-3)*
1 o) 1 eV A
D = e 202 = e (XO) :N(—’(—) ) (34)
P(RID) vV 2mo? V2mo? Xo \Xo

The maximum posterior estimate, again for a normal distribution as shown already before,
see section 2, is simply the mean, i.e.:

A Yo
= 35
Bure . (35)

0

which again, given that our prior is uninformative (see eq. (32)), is the same as the maximum
likelihood estimate. Note that this is not surprising at all, since we have an unbiased model error
(with g = 0), after observing just one datapoint, having no informative prior, it is simply the
quotient, making fit perfectly the model to the only information (i.e. datapoint) we have.

Needless to say, the variance of p(|D), is (X;'O)2

Bayesian linear regression Now assuming as a prior § ~ N/ (0, 72), we get:

p(B|D) < p(D|B) p(B) (36)
Using the likelihood from before we can express explicitly:
)
PBID) o ———e 6] e )

V2mo? V2mo?

Which is a simpler version of the case we faced before in eq. (22), with N = 1. So from the
‘multiplication’ of the two distributions:
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N(ﬁ (i)z) N (0,72)

b
Xo \Xo

by using the results from before, illustrated in eq. (23), we get:

i @)"
p(BID) o« N ) (38)
2+ (2) (&) +7
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